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1. INTRODUCTION 
In the study of the motion of conducting fluids in an electromagnetic 
field, the governing equations appear in a formidable form due to the 
coupling between the Maxwell equations and the fluid dynamical 
equations. Idealized models of these equations have therefore been studied 
in the literature with a view to understanding the basic interaction between 
hydrodynamic and electrodynamic effects. One of the basic problems 
investigated in this respect that finds applications in a wide range of 
technological fields is that of the viscous laminar flow of a conducting fluid 
between parallel plane walls permeated by a transverse magnetic field and a 
streamwise pressure gradient. This kind of flow configuration is of potential 
importance in the design of MHD generators, pumps, accelerators, etc., in 
breeder reactor cooling circuits and in similar devices wherein magnetic 
fields can be used to control the flow structure. Ever since Hartmann [l] 
pioneered the study of such flows, different models have been investigated 
under varied assumptions [24]. Although some of these models lead 
directly to exact analytical solutions, it is seen that the incorporation of 
nonequilibrium and transport phenomena into the fluid leads eventually to 
nonlinear problems for which simple exact solutions are hard to obtain. 
For instance, in a series of papers [S-7], Helliwell has investigated the 
Hartmann flow of a liquid under different assumptions on the non- 
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equilibrium processes involved, and has shown how complexities develop 
in solving the resulting models. In [S], an exact solution was obtained for 
a radiating Hartmann flow. However, since thermal conduction cannot be 
neglected in the presence of thermal radiation, the previous situation was 
generalized to include conduction effects [6]. This leads to a boundary 
value problem (BVP) of considerable complexity with half the boundary 
conditions as unknowns. As a satisfactory solution within reasonable time 
was not obtained on a digital computer, analogue methods had to be used. 
In the following we have shown that this problem is quite amenable to 
digital computation based on quasilinearization. 
The efficacy of the method of quasilinearization in solving nonlinear 
BVPs is now well known, and its applicability in obtaining numerically 
stable and accurate results has been demonstrated in the literature [8-141. 
Besides having fast convergence properties, this method also possesses 
large intervals of convergence. We have thus solved the MHD problem 
using quasilinearization combined with the fourth order Runge-Kutta 
scheme, and the results are promising both in terms of convergence and 
accuracy. Moreover, the numerical algorithm is insensitive to physically 
feasible parameter values and boundary conditions. 
2. PROBLEM FORMULATION 
Consider the steady motion parallel to the x-axis of a viscous, incom- 
pressible, and electrically conducting fluid confined between insulating flat 
walls parallel to the xz-plane distant 2h apart with the origin midway 
between the walls. The bounds of the channel normal to the z-axis are 
assumed to be electrodes set infinitely far apart. Assuming a pressure 
gradient p,, down the channel, the equations of momentum and energy 
then become 
(2) 
where u is the velocity down the channel, B, the externally applied 
transverse magnetic field, E, the electric field parallel to the z-axis, 0 the 
electrical conductivity, q the viscosity, k the thermal conductivity, T the 
temperature, and q the radiative flux. 
The radiative flux q is given by 
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and corresponds to the differential approximation of the radiative transfer 
equation [ 151. In Eq. (3), LX is the volumetric absorption coefficient 
averaged over the radiative frequencies and 6 is the Stefan constant. The 
boundary conditions appropriate to the present problem are [ 16, 63 
u=o at y= fh, 
T= T,, at y= -h, 
T= T,, at y= h, 
(4) 
where (E,, T,) and (.sZ, Tz) are the emissivities and temperatures of the 
lower and upper walls, respectively. 
It can be noted that Eq. (1) decouples from the other equations to yield 
velocity. As illustrated in [6], Eqs. (2) and (3) can be set into nondimen- 
sional form by means of the following parameters: 
p=p$)(&)= pressure ratio magnetic Reynolds number’ 
current ratio 
magnetic Reynolds number’ 
M= B,h(a/~)1/2 = Hartmann number, 
N= (Et.)(~) = ;;;;z-;z;;r, 
v=($(&( Vcp - Eckert number) (Prandtl number), 
o = ah = Bouguer number, 
A = T, IT,, 6 = T/T,, Q = q/(GT;1), [ = y/h. 
The radiative heat transfer problem can then be expressed in terms of the 
coupled nonlinear system 
MZ(P - J)* cash 2M5 2A4P( P - J) cash MC 
sinh* M - sinh M 3 
(6) 
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dQ 
$ = 3w2Q + 1 6od3t+b, 
with the boundary conditions 
8=1, d=w(;-2)Q at c= -1, 
O=A, I$= --o at [= 1. 
(7) 
03) 
(9) 
3. METHOD OF SOLUTION 
We set 
(0, Ic/, Q, 4) = (x,, ~21x3, ~4) 
so that Eqs. (5)-(9) become 
1, =x2, 
i2 = Nvx, - M=v P’ + 
M2( P - J)Z 
sinh2 M 
cash 2M[ - 2MP(P - J) cash Mr 
sinh M 3 
1, = xq, i4 = 302x3 + 160x; x2 (1% b, c, d) 
x1 = 1, at [= -1, 
(11) 
x1 =A, at [= 1. 
Equation (10) can now be quasilinearized to yield the matrix equation 
fi+‘=AX”+‘+B 9 (12) 
where dot (.) denotes differentiation with respect o i, 
X=(x, x2 x3 x4)=, 
A = (a,), (6 j= L2, 3,4), B= (6, b, b, bd=> 
a,, = a,3 = a,4 = a,, = a,, = a23 = u3, = a32 = u33 = aa - - 0, 
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a,*=u3‘$= 1, az4 = Nv, adI = 48w(x;)*x;, 
ad2 = 160(x;)~, ad3 = 30*, 
b,=b,=O, 
bz= -M2v P2+ 
M2(P-J)2 
sinh2 M 
cash 2M5 - 2Mp(p - J, cash MC 
sinh M 7 
b, = -480(xq)~x;, 
and xn are the “nominal solutions.” 
The boundary conditions (11) are also appropriately modified. In 
Eq. (1 l), we observe that at the initial point only xi is explicitly given 
whereas xq is expressed in terms of x3. Thus for all practical purposes we 
are left with the only condition x;+ i ( - 1) = 1 to start the integration. 
To obtain a convergent solution under the present scheme, we generate 
particular (P) and homogeneous (H) solutions compatible with the given 
conditions and the general solution is obtained by superposition. These 
solutions are generated with the vectors 
p”+‘(-l)=(l 0 0 O)T, 
H;+‘(-l)=(O 1 0 o)T, 
H;+‘(-l)=(O 0 1 O)T, 
H;+‘(-l)=(O 0 0 l)T, 
(13) 
and finally 
x”+‘(r)=P”+‘(r)+C,H~+‘(r)+C,H;+‘(i)+C,H~+’(i), (14) 
where the unknowns C, , C3, C4 are to be evaluated from 
x:+1(-1)-o $2 x;+‘(-l)=O, 
( > 
xy+‘(l)=A, x,“f’(l)+o $2 x;+‘(l)=o, 
( > 
4. NUMERICAL RESULTS 
The results for radiative flux and temperature distributions presented 
herein have been obtained starting with very crude nominal solutions. The 
present analytical-numerical scheme has enabled us to obtain quantitative 
estimates of these variables for different flow regimes. However, the 
6 CHANDRANANDKUMAR 
convergence rate could still depend on the numerical technique employed 
for integrating the corresponding initial value problem as also on the 
parameter values. The fourth order RungeeKutta scheme employed here 
has enabled us to present stable results for physically feasible values of the 
transport coefficients. 
In Figs. l-5 we have presented the radiative flux and temperature dis- 
tributions corresponding to J= 1.0; N= .Ol; w = 0.01, 0.1; A = 1.0, 10.0; 
M = 1 .O, 2.0; and a, = s2 = 0.1, 1 .O. Figures 2-5 are improved versions of the 
available results [6]. Qualitatively these are in good agreement for low 
values of the thermal conductivity parameter v. Our results for higher v 
(and hence for larger Prandtl number Pr) indicate a flattening of the tem- 
perature distribution curve and an abrupt change in the radiative flux 
across the channel. 
We also observe that as the Prandtl number is increased, the thermal 
boundary layer emerges (as alluded to in [6]), and for very high values of 
Pr, the temperature distribution remains almost constant outside the boun- 
dary layers in the channel regardless of the extent of the temperature 
difference between the channel walls. Moreover, it is seen that when the 
conductivity is low, the radiative flux curve possesses points of inflexion 
near the boundary layers. 
300- 
v= 
zoo- 
100 - 
FIG. 1. Radiative flux and temperature. J= 1.0, N=O.Ol, w = 0.01, A = 1.0, M = 1.0, 
E,=E2=1.0. 
FIG. 2. Radiative flux and temperature. J= 1.0, N= 0.01, o=O.l, A = 1.0, M= 1.0, 
E,=&*=O.l. 
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FIG. 3. Radiative flux and temperature. J= 1.0, N= 0.01, o = 0.1, A = 1.0, M= 2.0, 
El =c,=O.l. 
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FIG. 4. Radiative flux and temperature. J= 1.0, N= 0.01, w = 0.1, A = 1.0, M= 2.0, 
E1=E2=1.0. 
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FIG. 5. Radiative flux and temperature. J= 1.0, N= 0.01, w = 0.1, A = 10.0, M= 1.0, 
E,=EZ=O.l. 
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In solving the present problem, although the results were obtained 
within a few iterations for the transport coeffkients of physical interest, 
mathematically it was seen that the convergence rate slows down and the 
present scheme fails to yield stable results when the gradient terms become 
highly dominant. In cases of practical relevance, such extreme situations 
will have to be treated by more stable numerical schemes combined with 
quasilinearization. The successful application of an implicit finite difference 
scheme in a similar situation had been demonstrated in [ 13). 
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